We consider a model problem for the secular growth, which covers all the cases likely to happen in multi-scales BKW expansions for nonlinear hyperbolic systems. This model problem consists in studying the growth in time of the solution of a nonhomogeneous hyperbolic system whose source term is a product of various functions which solve homogeneous hyperbolic systems. The secular growth is due to resonances, that we try to control. When this is not possible, other tools such as decay properties or Strichartz estimates must be used.
Introduction
Secular growth is often the most tricky difficulty to handle in the justification of multiscales BKW expansions. It consists in the growth in the ''fast'' variables of the profiles used in the expansion. Such a growth has two main drawbacks: it may break the coherence of the ansatz, and it worsens the final error estimates. For instance, the ansatz u e ðt; xÞ ¼ U 0 ðet; t; xÞ þ eU 1 ðet; t; xÞ þ e 2 U 2 ðet; t; xÞ is not coherent for times tB1 (i.e. tB1=e) if U 1 ðt; t; xÞ grows linearly in t since eU 1 is then of size Oð1Þ; and therefore ceases to be a corrector. In this particular case, the secular growth must therefore be sublinear to ensure the coherence of the ansatz. Similarly, suppose that the residual obtained by plugging this ansatz into the system of equations considered reads r e ðt; xÞ ¼ eR 1 ðet; t; xÞ þ e 2 R 2 ðet; t; xÞ þ ?;
this residual is of size Oð1Þ and hence not necessarily small if R 1 grows linearly in t for times tB1=e: More generally, the faster the secular growth in R 1 ; the larger the residual, and hence the worse the error estimate one obtains.
As far as the system of equations under consideration is of hyperbolic kind (though vaguely as for the Euler equations for the water wave problem), the secular growth can be controlled thanks to the peculiar way in which the profiles depend on the secular variables: they always solve a nonhomogeneous hyperbolic system whose source term is a product of functions solving another homogeneous hyperbolic system (which reduces very often to a transport operator). More precisely, all the cases of secular growth we know are covered by the following model problem, which consists in studying the solution uðt; xÞ defined on R In all the studies where it appeared, the problem of handling the secular growth has been treated in quite different ways. For instance, sublinear secular growth is needed to justify the Schro¨dinger approximation in diffractive optics [13, 17] , the envelope equations for oscillations of large amplitude [7, 9] , the long wave approximation in ferromagnetic media [8] ; sub-square root growth is needed in the long wave approximation for general classes of quasilinear hyperbolic systems [2, 3] and for the water wave problem [19, 20] ; more precise estimates are needed in the short wave approximation [22] . The results, such as the error estimates, given in these papers are very rarely optimal. The aim of this paper is to study precisely the phenomenon of secular growth in order to give sharp results for all the situations likely to arise in the justification of BKW expansions, thus allowing accurate error estimates. As a simple consequence of the results presented here, one can for instance improve the oð1Þ error estimates of [13, 17] to Oð ffiffi e p Þ or even OðeÞ; which can be quite useful in practice, since the physical values of e are not always extremely small.
When J ¼ 1 in system (1), it is well known that u has a sublinear secular growth, provided that the characteristical varieties of the two hyperbolic operators involved have no common sheet. Our first result (Proposition 2. Here again, we prove that these results are sharp. In Proposition 3.5, we consider the case when the initial conditions have certain quantified decay properties.
When JX2 and in space dimension dX2; the results of the one-dimensional case can be generalized if all the operators considered are transport operators; otherwise, we use Strichartz estimates to give in Proposition 3.7 a secular growth rate which depends on d and on J: When J ¼ 2 and d ¼ 3 for instance, we find that the growth rate is Oð ffiffi t p Þ; as in the one-dimensional case. When ðd À 1ÞðJ À 1ÞX4; no secular growth is possible.
The plan of the paper is as follows: the next two subsections introduce the basic geometrical and functional tools we need in this paper; in Section 2, we give sharp estimates in the particular case J ¼ 1 of system (1). What we abusively call the ''nonlinear'' case JX2 is addressed in Section 3: after treating the one dimensional case (Section 3.2), where all the operators Mð@Þ and N j ð@Þ can be reduced to transport operators, we address (Section 3.3) the general multi-dimensional case which requires completely different tools based on Strichartz estimates. Two technical proofs have been postponed to two appendices.
Notation. (i) Throughout this paper, constants are uniformly denoted by Cst:
(ii) Given any distribution f ASðR d Þ 0 ; we denote indifferently byf or Ff the Fourier transform of f : (iii) To any real number 1pppN; we denote by
(iv) Given any real number s; ½s denotes its integer part, i.e. the biggest integer smaller than s:
A few properties of the characteristical varieties
First of all, let us recall the definition of the characteristical varieties. Definition 1.1. The characteristical varieties C M and C N j associated with the operators Mð@Þ and N j ð@Þ; j ¼ 1; y; J; are defined as
for all j ¼ 1; y; J:
Since we have supposed in Assumption 1.1 that all the matrices M k and N j k are real, it is easy to see that ð0; 0Þ is a center of symmetry for C M and C N j :
Assuming moreover that Mð@Þ and N j ð@Þ are strongly hyperbolic, we can parameterize C M and C N j in a simple way. We recall the definition of a strongly hyperbolic operator: for all the l which parameterize a sheet of C L :
A first application of this notion is given in the following lemma which provides information on the relative behavior of the different sheets of the characteristical varieties of two strongly hyperbolic operators L 1 ð@Þ and L 2 ð@Þ in two particular cases.
where Consequently, the inequality stated in the lemma is proved for s away from a neighborhood of s 0 ; provided that g is taken small enough. For s near s 0 ; write
Since Note also that these spaces belong to the class of spaces B p;k studied by Ho¨rmander [12] .
We first give a useful embedding property of these spaces. 
Estimates of the secular growth in the linear case
We consider here the ''linear'' version of (1), i.e. the case J ¼ 1 which is written as
where gALðR n Þ and the operators Mð@Þ and Nð@Þ are as in Assumption 1.1. When Mð@Þ and Nð@Þ are strongly hyperbolic, we denote by m 1 ; y; m m the m sheets of C M and by n 1 ; y; n n the n sheets of C N :
The worst secular growth that one can expect for u is linear in time. Under simple geometrical assumptions on the characteristical varieties, it is easy to obtain a sublinear secular growth, but making this result more precise is more difficult.
The general case: linear growth
If we denote by S M ðÁÞ the semigroup associated with Mð@Þ; and similarly S N ðÁÞ the semigroup associated with Nð@Þ; it is easy to see that the solution u of ð2Þ is written, for any initial condition v 0 in E s p ðR d Þ; 
Optimality. The particular case of (2) given by @ t u ¼ v and @ t v ¼ 0 can be explicitly solved: uðtÞ ¼ u 0 þ tv 0 : This expression shows that the linear growth stated in Proposition 2.1 can be obtained.
Sublinear secular growth 2.2.1. Nonspecific sublinear growth
In the example given above to prove the optimality of Proposition 2.1, one can notice that the characteristical varieties C M and C N are the same. If we do not allow such a situation, i.e. if C M and C N have no common sheet, then the secular growth of u is sublinear. If C M and C N have no common sheet (i.e. if m m ðxÞan n ðxÞ for almost all xa0; m ¼ 1; y; m and n ¼ 1; y; n), then the unique solution uACðR
Proof. If u 0 and v 0 are in H s ; that is, if p ¼ 2; this proposition can be found in [13, 17] . Though the generalization to the case 1opoN does not raise any difficulty, we give it here (for strongly hyperbolic operators) for the sake of completeness. If Mð@Þ and Nð@Þ are strongly hyperbolic, one has for all f AS 0 ðR d Þ; 
Thanks to the assumptions made in the statement of the proposition, it is easy to see that the time dependent integral above is oðtÞ for almost all x; a dominated convergence theorem concludes the proof. & Optimality. We show here that, when p ¼ N and even though C M and C N do not have any common sheet, one cannot expect a sublinear secular growth.
In order to do so, we consider the particular case of system (2) given by
where sincðxÞ ¼ sinðxÞ=x; extended by 1 at 0:
and hence jûðxÞj N ¼ t; or equivalently, juj E 0 N ¼ t; so that the secular growth is linear.
Specific sublinear growth
At this stage, we have seen that the general linear secular growth is in fact only sublinear when C M and C N have no common sheet. In the proof of Proposition 2.2, one can see that the secular growth is due to resonances, i.e. to all those x satisfying fðxÞ :¼ m m ðxÞ À n n ðxÞ ¼ 0: This set is a real algebraic submanifold of dimension at most d À 1:
When no more can be said about it, we can only use the fact that it is of zero Lebesgue measure to obtain the result of Proposition 2.2. But in some particular cases, it is possible to know this set more precisely, as well as the order of cancellation of f on it. The cases we present in the following proposition cover almost all the configurations one can meet in physical examples. The most simple is when C M -C N ¼ f0g since the set of resonances then reduces to f0g: When the set of resonances is not trivial, transversality of the operators is used to control the order of cancellation of the resonance function f:
(i) We say that L 1 ð@Þ is transverse to L 2 ð@Þ if whenever one sheet of C L 1 intersect nontrivially a sheet of C L 2 ; these two sheets are transverse in the ordinary sense of transversality of manifolds.
(ii) We say that L 1 ð@Þ is tangent to L 2 ð@Þ if whenever one sheet of C L 1 intersect nontrivially a sheet of C L 2 ; these two sheets are tangent in the ordinary sense of tangency of manifolds. Proposition 2.3. Suppose that Mð@ÞaNð@Þ are strongly hyperbolic. Let s; aAR; 1pp; roN: Then the following holds:
if prod and 2a þ 14d=pr;
for all tX1 and u 0 AE 
; if pr41 and 2apr4d À 1;
If moreover both Mð@Þ and Nð@Þ are transport operators, then
(iii) When one of the operators Mð@Þ and Nð@Þ is a transport operator while the other is well rounded, and when these two operators are tangent: if 4apr4d þ 1 and 2pr4d À 1; then
The proof of the proposition relies strongly on the following two lemma. Proof. First consider the case q4d: One then has
since the condition q4d implies the convergence of the above integral. For qpd; one has
which is bounded by a constant if d4q and by Cstð1 þ ln tÞ if d for all tX1:
Proof. We only prove the case q ¼ 1; slight modifications yielding the case q41:
Following the same line as in the case d ¼ q of Lemma 2.1, one obtains
Since these two integrals converge when 2a4d À 1; the lemma is proved. & Proof. As in the proof of Proposition 2.2, one can prove that the solution u of (2) satisfies, for all 1ppoN;
Now, by Ho¨lder's inequality and for all 1proN;
In order to give an upper bound for B m;n ; remark that 
where j is a real-valued positive function defined on R þ as jðrÞ ¼ 2 sinðr=2Þ if rA½0; p and jðrÞ ¼ 2 if r4p: We now distinguish the three cases of the proposition.
Case i: Since r/jðrÞ=r is decreasing and C M -C N ¼ f0g; one can deduce from Eq. (6) and Lemma 1.1(i) that
where the positive constant c M;N is as in Lemma 1.1. Applying Lemma 2.1 with j defined as in (6) and q :¼ pr; and using estimates (4) and (5) yields the result.
Case ii: We suppose that m m and n n parameterize a sheet of C N and C M ; respectively, which intersect nontrivially. Otherwise, the (better) estimates of (i) hold. From Eqs. (5), (6) , and using the fact that m m and n n are homogeneous of degree one, one obtains (6) is equal to c t ðxÞ as defined in Lemma 2.2. Therefore, the result is a simple consequence of this lemma and of (4) and (5).
Case iii: We suppose here that Mð@Þ ¼ @ t þ c Á @ x and Nð@Þ is well rounded. The case obtained by a permutation of Mð@Þ and Nð@Þ can be treated exactly in the same way.
The proof follows the proof of the second case until Eq. (7). At this point, we use Lemma 1.1(ii) and the fact that r/jðrÞ=r is decreasing to obtain
where B dÀ1 denotes the unit ball of R dÀ1 : The change of variables s
and hence B n pCst t prÀ dÀ1
2 ; provided that 2apr À 
Since for all 0oao1=2; we have 
Proof. The proof follows the same lines in the three cases. We detail it for (ii) for instance. where u n is the solution of (2) with data v 0;n instead of v 0 : Thanks to Proposition 2.3, one has
Let n 0 be big enough to have Cst jv 0 À v 0;n j E 
so that the end of the proof is now a consequence of Proposition 2.4. &
Estimates of the secular growth in the nonlinear case
We consider here the ''nonlinea % r' version of (1), i.e. the case JX2; 
Nonspecific sublinear growth
A first important difference between the cases J ¼ 1 and JX2 is that in the nonlinear case, the secular growth of u is always at most sublinear in time. Since one then has ð@ t þ c Á @ x Þe g gð e v 1 v 1 ; y; e v J v J Þ ¼ 0; this subsystem belongs to the ''linear' class J ¼ 1 studied in Section 2. This is the reason why we have claimed that in the (nondegenerated) nonlinear case JX2; the secular growth is at most sublinear.
Specific sublinear growth in space dimension d ¼ 1
The one-dimensional case deserves special attention because the operators Mð@Þ and N j ð@Þ can be reduced to a combination of transport operators whose properties are completely different from those observed for general hyperbolic operators in higher dimensions. When d ¼ 1; the properties of the general system (1) can be easily deduced from the behavior of the solution of
and where, for all iaj; c i ac j :
General estimates
It is expected that the source term gðv 1 ; y; v J Þ in (10) has a less important contribution than in the linear case J ¼ 1 because the waves v 1 ; yv J overlap for only a finite period of time. This is the object of the following proposition. 
The proof of this proposition relies strongly on the L 
where the constant depends only on B. (i) From the equation satisfied by u; one obtains easily
the last inequality being a consequence of Cauchy-Schwarz inequality. Lemma 3.1 therefore yields
from which the first point of the lemma follows for s ¼ 0: The case sAN is obtained in the same way after differentiating the equation satisfied by u: The case sAR then follows by (complex) multilinear interpolation [4, 23] . (ii) This result can be found in [2] . (iii) The solution u of (10) can bewritten uðt; xÞ ¼ u 0 ðx À ctÞ þ
and hence, for all sAN;
We first consider the case cac j ; 8jA½1; J: We bound the integrals which appear in (11) as follows
where for all jA½0; J and all a j AN;
Supposing for instance that a 3 ¼ max j¼3;y;J a j ; we also have
the last inequality being a consequence of the fact that for all jX4 (if there is such), (11) and (12) thus yield
Since Lemma 3.1 yields
the lemma follows from Eq. (14) when sAN: The case sAR þ is then obtained again by multilinear interpolation.
We now consider the case where one of the c j is equal to c: Assume for instance that c ¼ c 1 : While Eq. (14) 
The result of the proposition follows from Eqs. (14) and (16) The next proposition deals with the case c ¼ c 1 which is excluded in Proposition 3.3. This case is particular because the explicit solution can be written as a convolution product. 
for all tX1 and where Cst does not depend on c 1 nor c 2 :
Proof. The solution of (10) Let u solve @ t u þ c@ x u ¼ v 
40:
Such a result being true for all 0oao1=2; this yields that for any 0oao1=2; it is possible to find v 1 0 and v 2 0 such that u has a secular growth rate bigger than t a :
Estimates using the decay properties in space variables
It is sometimes possible to solve the profile equations obtained by the BKW method in functional spaces satisfying some decay property. The secular growth is then lower than in the general case (we only consider the case J ¼ 2 since no secular growth is possible when JX3). The following proposition is a slight generalization of a result of [19, 20] used to control the secular growth arising in the derivation of the KdV approximation from Boussinesq or Euler equations. Then the unique solution u of (10) satisfies
Proof. Classically, one has
Since we also have
we obtain the following estimate:
from which the results of the proposition follow easily. &
Specific sublinear growth in space dimension dX2
As far as only transport operators are considered, the arguments used to control the secular growth in the multi-dimensional case dX2 are quite similar to those used in dimension one. In order to generalize the results of Lemma 3.1 and Proposition 3.2, we use ideas introduced in [5, 6] for the Boltzmann equations. 
where the constant depends only on B.
Proof. One has
and the integral in t of the last inequality can be majorized by 
(ii) If J ¼ 2 and c ¼ c 1 ; and with the same m as in (i), then the solution u of (10) satisfies for all tX0;
2 when JX4; then for all tX0; the solution u of (10) satisfies
where Cst does not depend on c, c 1 ; y; c J and Cðc; c 1 ; y; c J Þ is as in Proposition 3.2.
Proof. Since the proof is very similar to the proof of Proposition 3. 4 , one obtains that the estimates of these propositions remain valid when dX1: Only the condition on a has to be changed to 2ar4d À 1 (1proN) in both propositions.
We finally consider the general case where the operators considered in (1) are not transport operators. The tools we must use to control the secular growth in this case differ radically from what has been used above. One must use the decay properties of the free solutions of such operators, and Strichartz estimates play a central role. The general secular growth that one can expect for the solution u of (1) when dX2 and JX2 is given in the following proposition. 
